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Abstract
In [G. Marino, O. Polverino, R. Trombetti, On Fq -linear sets of PG(3, q3) and semifields, J. Combin.
Theory Ser. A 114 (5) (2007) 769–788] it has been proven that there exist six non-isotopic families Fi
(i = 0, . . . ,5) of semifields of order q6 with left nucleus Fq3 and center Fq , according to the different geo-
metric configurations of the associated Fq -linear sets. In this paper we first prove that any semifield of order
q6 with left nucleus Fq3 , right and middle nuclei Fq2 and center Fq is isotopic to a cyclic semifield. Then,
we focus on the family F4 by proving that it can be partitioned into three further non-isotopic families:
F (a)4 , F
(b)
4 , F
(c)
4 and we show that any semifield of order q
6 with left nucleus Fq3 , right and middle nuclei
Fq2 and center Fq belongs to the family F (c)4 .
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A finite semifield S is a finite algebraic structure satisfying all the axioms for a skewfield
except (possibly) associativity. The subsets
Nl =
{
a ∈ S ∣∣ (ab)c = a(bc), ∀b, c ∈ S},
Nm =
{
b ∈ S ∣∣ (ab)c = a(bc), ∀a, c ∈ S},
Nr =
{
c ∈ S ∣∣ (ab)c = a(bc), ∀a, b ∈ S},
K= {a ∈ Nl ∩ Nm ∩ Nr | ab = ba, ∀b ∈ S}
are fields and are known, respectively, as the left nucleus, the middle nucleus, the right nucleus
and the center of the semifield. A finite semifield is a vector space over its nuclei and its center
(for more details on semifields see e.g. [2,4]). If S satisfies all the axioms of a semifield except
possibly the existence of the identity element of the multiplication, then S is called presemifield.
From now on the term semifield will be always used to denote a finite semifield.
Semifields coordinatize certain translation planes (called semifield planes) and two semifield
planes are isomorphic if and only if the corresponding semifields are isotopic (see [1]). A semi-
field is isotopic to a field if and only if the corresponding semifield plane is Desarguesian.
For any subfield F of the left nucleus of a semifield S the following vector subspaces of S×S
(regarded as left vector space over F ),
F(∞) = {(0, a): a ∈ S}, F (b) = {(a, ab): a ∈ S}
define a spread of PG(S × S,F ), called semifield spread. Two semifield spreads in projective
spaces of the same dimension are isomorphic if and only if the corresponding semifields are
isotopic.
Let b be an element of a semifield S with center K; then the map ϕb :x ∈ S → xb ∈ S is a
linear map when S is regarded as a left vector space over Nl . The set S = {ϕb: b ∈ S} is called
the spread set of linear maps of S; it is closed under the sum of linear maps and λϕb = ϕλb for
any λ ∈K, i.e. S is a K-vector subspace of the vector space V of all Nl-linear maps of S.
If dimNl S = 2, then V is a 4-dimensional vector space over Nl and S is a K-vector subspace
of V of dimension 2n, where n = dimKNl . If K = Fq , then Nl = Fqn and hence S defines in
P = PG(V,Fqn) = PG(3, qn) an Fq -linear set of rank 2n, namely L(S) = LS = {[ϕb]Fqn : b ∈
S \ {0}}. Since the linear maps defining L(S) are invertible, the linear set L(S) is disjoint from
the hyperbolic quadric Q = Q+(3, qn) of P defined by the non-invertible maps of V. Also, S
is isotopic to a field if and only if L(S) is a line of P external to the quadric Q. These linear
sets have been introduced by G. Lunardon [11], associated with translation ovoids of Q+(5, q),
and they have been studied in [3] (in terms of spread sets of matrices) associated with semifield
spreads of PG(3, q). In [3], the authors proved the following result which is stated in terms of
semifield planes.
Theorem 1.1. (See [3, Theorem 2.1].) Two semifields S1 and S2, 2-dimensional over their left nu-
clei and with center Fq , are isotopic if and only if the associated Fq -linear sets of P = PG(3, qn)
are isomorphic with respect to the subgroup of PΓ O+(4, qn) fixing the reguli of the hyperbolic
quadric Q of P.
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classified. In [12] the last three authors have studied the case n = 3 proving that there exist six
non-isotopic families Fi (i = 0, . . . ,5) of semifields 2-dimensional over the left nucleus and
6-dimensional over the center Fq , according to the different configurations of the associated
Fq -linear sets of P = PG(3, q3).
In Section 2 of this paper we determine (up to isotopy) any semifield S of order q6,
2-dimensional over its left nucleus, 6-dimensional over the center Fq and with middle and right
nuclei of size q2, proving that such a semifield is isotopic to a semifield (Fq6 ,+,◦) with multi-
plication given by
x ◦ y = (α + βu)x + bγ xq3, where y = α + βu + γ b (α,β, γ ∈ Fq2)
with u a fixed element of Fq3 \Fq and b an element of Fq6 such that bq3+1 = u. Such semifields
are cyclic semifields following the definition of [7].
In Section 3 we study the family F4 of [12] proving that it can be further partitioned into three
non-isotopic subfamilies: F (a)4 , F (b)4 , F (c)4 and we prove that any semifield of order q6 with left
nucleus Fq3 , middle and right nucleus Fq2 and center Fq , belongs to F (c)4 . So far, such semifields
are the only known examples belonging to the family F4.
2. The main theorem
Let S = (Fq2n ,+,◦) be a semifield two-dimensional over its left nucleus Fqn , with identity
element 1 and center Fq and let S be the spread set of Fqn -linear maps of Fq2n defining the
multiplication ◦, i.e. x ◦ y = ϕy(x) where ϕy is the unique element of S such that ϕy(1) = y.
Since S has center Fq , we have x ◦ y = xy = y ◦ x for each x ∈ Fq and y ∈ Fq2n and hence S
contains the set of linear maps {x ∈ Fq2n 	→ αx ∈ Fq2n | α ∈ Fq}. An element z ∈ Fq2n belongs to
the right nucleus of S if x ◦(y ◦z) = (x ◦y)◦z for each x, y ∈ Fq2n , i.e. z ∈ Nr if ϕy◦z = ϕzϕy (this
notation stands for the composition of maps) for each y ∈ Fq2n . So the right nucleus of S defines
a field Nr = {ϕz: z ∈ Nr} of linear maps contained in S isomorphic to Nr with respect to which
S is a left vector space. Similarly, the middle nucleus of S defines a field Nm = {ϕz: z ∈ Nm} of
linear maps contained in S isomorphic to Nm with respect to which S is a right vector space.
If Ψ and Φ are invertible Fqn -linear maps of Fq2n and σ is an automorphism of Fq2n , the set
ΨSσΦ = {ΨϕσΦ: ϕ ∈ S}
(where ϕσ :x 	→ aσ x + bσ xqn for ϕ :x 	→ ax + bxqn ) is a spread set of linear maps as well and
it defines on Fq2n a structure of (pre)semifield S′ isotopic to S (see e.g. [2, Chapter 6]). If the
identity map belongs to ΨSσΦ then S′ is a semifield with identity element 1. If Ψ = Φ−1 then
Φ−1Nσr Φ and Φ−1NσmΦ are fields isomorphic to Nr and Nm respectively and define the right
and the middle nuclei of S′, respectively.
The next lemma will be useful in the proof of Theorem 2.2.
Lemma 2.1. Let F be a set of Fq3 -linear maps of Fq6 such that:
(i) F is a field of order q2 with respect to the sum and the composition of linear maps;
(ii) F contains the field of linear maps Fq = {x ∈ Fq6 → αx ∈ Fq6 : α ∈ Fq}.
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Fq6 : η ∈ Fq2}.
Proof. Let ϕ :x ∈ Fq6 → Ax + Bxq3 ∈ Fq6 an element of F \ Fq . Since F is a field of order q2
containing Fq = {x ∈ Fq6 → αx ∈ Fq6 : α ∈ Fq}, we can write
F = Fq(ϕ) = {α + βϕ: α,β ∈ Fq}.
Also, there exist α¯, β¯ ∈ Fq such that
ϕ2 = α¯ + β¯ϕ (1)
and such that the polynomial x2 − β¯x − α¯ is Fq -irreducible. From (1) it follows A2 + Bq3+1 =
α¯ +Aβ¯ and (A+Aq3)B = β¯B . If B = 0, from the first equation we get A ∈ Fq2 \Fq and hence
F = {x ∈ Fq6 → ηx ∈ Fq6 : η ∈ Fq2}. If B = 0, from the above equations we get
A + Aq3 = β¯ and Bq3+1 − Aq3+1 = α¯. (2)
Let ξ be a root of the polynomial x2 − β¯x− α¯ and note that ξ ∈ Fq2 \Fq . Also, let v ∈ Fq6 such
that {v,ϕ(v)} is an Fq3 -basis of Fq6 . Denote by Ψ the Fq3 -linear map of Fq6 which sends the
element of Fq6 of components {λ,μ} in the Fq3 -basis {1, ξ} to the element of Fq6 of components
{λ,μ} in the Fq3 -basis {v,ϕ(v)}. Using Eq. (2) it is easy to prove that Ψ−1ϕΨ (1) = ξ and that
Ψ−1ϕΨ (ξ) = ξ2, hence Ψ−1ϕΨ :x ∈ Fq6 → ξx ∈ Fq6 and hence
Ψ−1FΨ = {x ∈ Fq6 → (α + βξ)x ∈ Fq6 : α,β ∈ Fq} = {x ∈ Fq6 → ηx ∈ Fq6 : η ∈ Fq2}. 
Now we can prove the following.
Theorem 2.2. Let S be a semifield of order q6, with left nucleus of size q3, middle and right
nucleus of size q2 and center of size q . Then S is isotopic to a semifield (Fq6 ,+,◦) with multi-
plication given by
x ◦ y = (α + βa)x + γ bxq3 , y = α + βa + γ b, (3)
where 1, a, b is an Fq2 -basis of Fq6 , such that bq
3+1 = (α + βa)q3+1 for any α,β ∈ Fq2 .
Proof. Since S has order q6, left nucleus of size q3 and center of size q , we may assume that
S = (Fq6 ,+,◦), Nl = Fq3 , 1 is the identity element of S and the center is Fq . Then the spread
set S of Fq3 -linear maps of Fq6 associated with S contains the field of linear maps Fq = {x ∈
Fq6 → αx ∈ Fq6 : α ∈ Fq}. The right nucleus of S determines a subset Nr of S which is a field
of order q2 with respect to the sum and the composition of linear maps which contains the field
of linear maps Fq . By the previous lemma there exists an invertible Fq3 -linear map Ψ such that
Ψ−1NrΨ = {x ∈ Fq6 → ηx ∈ Fq6 : η ∈ Fq2}. So the semifield S′ = (Fq6 ,+,◦′) defined by the
set of Fq3 -linear maps Ψ−1SΨ is isotopic to S, and its right nucleus is the subfield Fq2 of Fq6
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have multiplication given by
x ◦ y = αx + βT1(x) + γ T2(x), y = α + β(a + d)+ γ (c + b)
where T1(x) = ax + dxq3 and T2(x) = cx + bxq3 are Fq3 -linear maps such that {id, T1, T2} are
independent over Fq2 (equivalently, {1, a + d, c + b} is an Fq2 -basis for Fq6 ).
By “fusion method” we may assume that right and the middle nuclei of S are equal (see [8,
Theorem 4.4(1)]). Since Nm = Nr = Fq2 we have that for all y ∈ Fq2
(x ◦ y) ◦ z = x ◦ (y ◦ z) (4)
for all x, z ∈ Fq6 . Recall that if y ∈ Fq2 , then x ◦ y = xy. If αz,βz, γz and l,m,n are the compo-
nents of z and y ◦ z, respectively, in the basis {1, a + d, c + b}, from (4) we get
(x ◦ y) ◦ z = (xy) ◦ z = (αz + βza + γzc)xy + (βzd + γzb)xq3yq
and
x ◦ (y ◦ z) = (l + ma + nc)x + (md + nb)xq3 .
Hence, since Eq. (4) holds true for any x, we get
(αz + βza + γzc)y = l + ma + nc (5)
and
(βzd + γzb)yq = md + nb (6)
for all z ∈ Fq6 and y ∈ Fq2 .
If 1, a, c are independent over Fq2 from Eqs. (5) and (6) we get
(βzd + γzb)y = (βzd + γzb)yq,
for all y ∈ Fq2 and for all βz, γz ∈ Fq2 and this implies b = d = 0. In this case S is a field,
a contradiction.
So 1, a, c are dependent over Fq2 and hence there exists an element of S of type x ∈ Fq6 	→
b′xq3 ∈ Fq6 , i.e., we can suppose c = 0. By using Eqs. (5) and (6) and recalling that {1, a + d, b}
are independent over Fq2 , we get that either 1, a are independent over Fq2 and b, d are dependent
over Fq2 or 1, a are dependent over Fq2 and b, d are independent over Fq2 . In the first case,
changing the basis, we can suppose d = 0 and hence
S = {x ∈ Fq6 	→ (α + βa)x + γ bxq3 ∈ Fq6 : α,β, γ ∈ Fq2}.
In the second case we can suppose a = 0 and hence
S = {x ∈ Fq6 	→ αx + (βd + γ b)xq3 ∈ Fq6 : α,β, γ ∈ Fq2}.
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spread set ΨS of the second type. So, up to isotopisms, we may assume that
S = {x ∈ Fq6 	→ (α + βa)x + γ bxq3 ∈ Fq6 : α,β, γ ∈ Fq2},
and hence the multiplication of S is given by (3). Finally, since all the non-zero maps of S are
invertible we easily get bq3+1 = (α + βa)q3+1, for all α,β ∈ Fq2 . 
We will denote a semifield whose multiplication is defined as in (3) by Sa,b and the associated
spread set of Fq3 -linear maps by Sa,b .
In what follows, we will prove that any semifield Sa,b is isotopic to a semifield Su,b′ , with
u ∈ Fq3 \ Fq and b′ ∈ F∗q6 . To this aim we start by proving the following.
Lemma 2.3. Let a be a fixed element of Fq6 \ Fq2 . Then
Fq6 =
{
α + βa
γ + δa : (α,β) ∈ Fq2 × Fq2 , (γ, δ) ∈ Fq2 × Fq2 \
{
(0,0)
}}
.
Proof. Let
A=
{
α + βa
γ + δa : (α,β) ∈ Fq2 × Fq2 , (γ, δ) ∈ Fq2 × Fq2 \
{
(0,0)
}}
and let y ∈ A. If y ∈ F∗
q2
, we can write y as an element of type α+βa
γ+δa in exactly q
4 − 1 ways;
whereas if y /∈ Fq2 , since {1, a, a2} is an Fq2 -basis of Fq6 , we can write y as an element of type
α+βa
γ+δa in exactly q
2 − 1 ways. So
|A| = q2 + q
4(q4 − 1)− q2(q4 − 1)
q2 − 1 = q
6. 
Theorem 2.4. Any semifield Sa,b is isotopic to some semifield Su,b′ , with u ∈ Fq3 \ Fq and
b′ ∈ F∗
q6
.
Proof. Recall that Sa,b = {x ∈ Fq6 	→ (α + βa)x + γ bxq3 ∈ Fq6 : α,β, γ ∈ Fq2} and {1, a, b} is
an Fq2 -basis for Fq6 . If there exists u ∈ Fq3 \ Fq such that u belongs to the set [1, a]Fq2 = {α +
βa: α,β ∈ Fq2}, then Sa,b = Su,b. Otherwise, by Lemma 2.3, for any fixed u ∈ Fq3 \ Fq , there
exist α¯, β¯, γ¯ , δ¯ ∈ Fq2 such that u = α¯+β¯aγ¯+δ¯a . Let u¯ = 1γ¯+δ¯a and note that [u¯, au¯]Fq2 = [1, u]Fq2 .
Hence, if b′ = bu¯, we have ΨSa,b = Su,b′ , where Ψ :x ∈ Fq6 	→ u¯x ∈ Fq6 , i.e. Sa,b is isotopic
to Su,b′ . 
From Theorems 2.2 and 2.4, it follows that the study up to isotopisms, of semifields of
order q6, with left nucleus Fq3 , right and middle nuclei Fq2 and center Fq , is equivalent to
the study of semifields of type Su,b , with u ∈ Fq3 \ Fq and b an element of Fq6 such that
bq
3+1 = (α + βu)q3+1 for each α,β ∈ Fq2 . In the next theorem we determine all the possible
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Note that, if u ∈ Fq3 \ Fq , then {1, u,u2} is an Fq -basis of Fq3 and we can write
bq
3+1 = L + Mu + Nu2, with L,M,N ∈ Fq,
in a unique way for any b ∈ Fq6 .
Theorem 2.5. Let b ∈ Fq6 , u ∈ Fq3 \ Fq and bq3+1 = L + Mu + Nu2 with L,M,N ∈ Fq . The
algebraic structure Su,b with the multiplication described as in (3) is a semifield if and only if
the polynomial f (x) = L + Mx + Nx2 ∈ Fq [x] either is of degree 1 or it has two distinct roots
in Fq .
Proof. By Theorem 2.2, the set of Fq3 -linear maps Su,b does not define a semifield if and only
if there exist α,β ∈ Fq2 such that
(α + βu)q3+1 = bq3+1 = L + Mu + Nu2,
hence
(α + βu)(αq + βqu) = L + Mu + Nu2.
Since {1, u,u2} is an Fq -basis of Fq3 , we get the following polynomial identity:
L + Mx + Nx2 = (α + βx)(αq + βqx),
which is not satisfied if and only if f (x) either is of degree 1 or it has two distinct roots in Fq . 
Here below we present a family of semifields of order q6, with left nucleus isomorphic to Fq3 ,
right and middle nuclei both isomorphic to Fq2 and center isomorphic to Fq .
Let T be an Fq -linear map of Fq6 and let F be a field of Fq -linear maps of Fq6 isomorphic
to Fq2 .
Note that Fq6 can be seen in a natural way as a 3-dimensional vector space V over the field
of linear maps F . If there exists an automorphism σ = 1 of F such that Tf = f σT for all
f ∈ F , then T induces a semilinear collineation of PG(V ,F ). In this case and if the semilinear
collineation T does not fix any proper subspace of PG(V ,F ), then the pair (T ,F ) is called an
irreducible pair and the set
S = {α0 + α1T + α2T 2: αi ∈ F}
of Fq -linear maps of Fq6 turns out to be a spread set of linear maps of Fq6 . Hence it defines a
semifield, say ST ,F , which is a particular example of a larger family of semifields called cyclic
semifields in [7] and [6] (see also [2, §27]). Actually these are the dual of the semifields con-
structed by Jha and Johnson in [7]. In the same paper some cyclic semifields are exhibited with
T : x ∈ Fq6 	→ ηxq3 ∈ Fq6 where η is a primitive element of Fq6 .
If T and all the elements of F are Fq3 -linear maps of Fq6 , then ST ,F has Nl = Fq3 , Nr =
Nm  Fq2 and center Fq . By Lemma 2.1 we can always suppose F = {α¯ :x ∈ Fq6 	→ αx ∈ Fq6 :
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for all α ∈ Fq2 . This condition implies that a = 0 and σ = q . So we have
S = {α0 + α1T + α2T 2: α0, α1, α2 ∈ Fq2}
= {x ∈ Fq6 	→ (α0 + α2u)x + bα1xq3 ∈ Fq6 : α0, α1, α2 ∈ Fq2},
where u = bq3+1. So we have proved the following result.
Theorem 2.6. A cyclic semifield ST ,F where T and all the elements of F are Fq3 -linear maps
of Fq6 is defined by a set of Fq3 -linear maps of type Su,b = {x ∈ Fq6 	→ (α + βu)x + bγ xq3 ∈
Fq6 : α,β, γ ∈ Fq2} with bq3+1 = u.
The converse of Theorem 2.6 can be proved as well. Indeed, if Su,b = {x ∈ Fq6 	→ (α +
βu)x + bγ xq3 ∈ Fq6 : α,β, γ ∈ Fq2} where bq3+1 = u and u ∈ Fq3 \ Fq then putting T :x ∈
Fq6 	→ bxq3 ∈ Fq6 and F = {x ∈ Fq6 	→ αx ∈ Fq6 : α ∈ Fq2}, we have that (T ,F ) is an ir-
reducible pair and the semifields Su,b and ST ,F coincide. Also, Su,b = Su′,b′ if and only if
u′ = α + βu, α,β ∈ Fq (β = 0) and b′ = γ b with γ ∈ F∗q2 . Note that if bq
3+1 = u, then
b′q3+1 = α′ + β ′u′, where α′, β ′ ∈ Fq (β ′ = 0). So, we can conclude as follows.
Proposition 2.7. A semifield of type Su,b is cyclic if and only if bq3+1 = α + βu, with α,β ∈ Fq
and β = 0.
From Theorem 2.5 and Proposition 2.7, the class of the semifields Su,b seems to be larger than
the family of cyclic ones (with the involved nuclei), but it is possible to prove that any semifield
Su,b either is cyclic or is isotopic to a cyclic semifield. This means that the property of being
cyclic for a semifield is not invariant under isotopisms.
Theorem 2.8. Any semifield Su,b constructed as in Theorem 2.5 is isotopic to a cyclic semifield.
Proof. By Theorem 2.5 and by Proposition 2.7, Su,b is not cyclic if bq
3+1 = L + Mu + Nu2
with L,M,N elements of Fq such that the polynomial f (x) = L + Mx + Nx2 has two distinct
roots in Fq , say − and −m. Then
L + Mu + Nu2 = N(u + )(u + m).
Set u′ = 1
u+ ∈ Fq3 \ Fq and consider the spread set ΨSu,b, where Ψ :x ∈ Fq6 	→ u′x ∈ Fq6
consisting of the Fq3 -linear maps
x ∈ Fq6 	→ (α + βu)u′x + γ bu′xq
3 ∈ Fq6 ,
where α,β, γ ∈ Fq2 . Note that
[u′, u′u]F = [1, u′]F
q2 q2
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since
(bu′)q3+1 = bq3+1u′2 = N + N(m − )u′,
by Proposition 2.7, the semifield Su′,u′b is cyclic. 
Hence we can now state the main theorem of this section.
Theorem 2.9. Any semifield S of order q6 with left nucleus Fq3 , middle and right nuclei Fq2 and
center Fq is isotopic to a cyclic semifield.
Proof. The proof follows from Theorems 2.2, 2.4, 2.5 and 2.8. 
3. Semifields of order q6 with Nl Fq3 andKFq
We start this section by recalling some preliminaries about linear sets of a projective space.
Let Ω = PG(r−1, qn) = PG(V ,Fqn), q = ph, p prime, and let L be a set of points of Ω . The
set L is said to be an Fq -linear set of Ω if it is defined by the non-zero vectors of an Fq -vector
subspace U of V , i.e.,
L = LU =
{[u]Fqn : u ∈ U \ {0}}.
If dimFq U = t , we say that L has rank t . Any projective subspace of Ω is an Fq -linear set,
precisely a k-dimensional projective subspace of Ω is an Fq -linear set of rank n(k + 1). Also,
the intersection between a projective subspace of Ω and an Fq -linear set is an Fq -linear set too,
precisely if Λ = PG(W,Fqn) is a subspace of Ω and LU is an Fq -linear set of Ω , then Λ ∩ LU
is an Fq -linear set of Λ defined by the Fq -vector subspace U ∩ W and the rank of Λ ∩ LU is
dimFq (U ∩ W). If LU is an Fq -linear set of Ω of rank t , we say that a point P = [u]Fqn , u ∈ U ,
of LU has weight i in LU if dimFq ([u]Fqn ∩U) = i, and we write ω(P ) = i. From the definition
of Fq -linear set and the definition of weight of a point, it is clear that, if xi is the number of points
of LU of weight i, we have
|LU | = x1 + x2 + · · · + xn, (7)
x1 + (q + 1)x2 + · · · +
(
qn−1 + · · · + q + 1)xn = qt−1 + · · · + q + 1. (8)
In particular |LU | qt−1 +· · ·+q+1. Also, the following property holds (see [12, Property 4.1]
for the case n = 3).
Property 3.1. A line r of Ω is contained in LU if and only if the rank of the Fq -linear set LU ∩ r
is at least n + 1.
Proof. Suppose that r ⊆ LU . If the rank of the Fq -linear set LU ∩ r is at most n, then
qn + 1 = |r| = |LU ∩ r| qn−1 + · · · + q + 1,
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have
dimFq (P ∩ LU) = dimFq
(
P ∩ (LU ∩ r)
)
 dimFq P + dimFq (LU ∩ r) − 2n 1,
i.e. P ∈ LU . 
Let now S = (Fq2n ,+,◦) be a semifield with left nucleus Fqn and center Fq and let S be the
set of the Fqn -linear maps defining the multiplication of S. So S is an Fq -vector subspace of the
vector space V of all Fqn -linear maps of Fq2n . An element ϕa,b :x ∈ Fq2n 	→ ax + bxqn ∈ Fq2n
of V is non-invertible if and only if aqn+1 = bqn+1 and since q(ϕa,b) = aqn+1 − bqn+1 is a
quadratic form of V over Fqn , the non-invertible elements of V define the hyperbolic quadric
Q= {[ϕa,b]Fqn ∣∣ aqn+1 − bqn+1 = 0, (a, b) = (0,0)}
of the 3-dimensional projective space P = PG(V,Fqn) = PG(3, qn). Since all the non-zero ele-
ments of S are invertible maps, then the Fq -linear set L(S) = LS = {[ϕ]Fqn : ϕ ∈ S∗} of P defined
by S is disjoint from Q.
In what follows, in spite of simplicity, we identify the elements of V with the pairs of elements
of Fq2n , precisely the map ϕa,b is identified with the pair (a, b) ∈ Fq2n × Fq2n . In this way,
Q= {[(a, b)]
Fqn
: aq
n+1 = bqn+1, (a, b) = (0,0)},
and
L(S) = {[(a, b)]
Fqn
: ϕa,b ∈ S
}
.
Let now S be a semifield of order q6 with left nucleus isomorphic to Fq3 and with center Fq .
In [12], the last three authors proved that semifields with these parameters are partitioned into
six non-isotopic families: Fi , i = 0, . . . ,5 according to the different geometric configurations of
the associated Fq -linear sets of the projective space P = PG(V,Fq3) = PG(3, q3); precisely they
have proven the following.
Theorem 3.2. (See Marino, Polverino, Trombetti [12, Theorem 4.3].) If L is an Fq -linear set of
rank 6 of P = PG(3, q3) (with Fq as maximal subfield of linearity), then one of the following
configurations occurs:
(0) L is a union of lines of a pencil of P.
(1) L is a union of lines in a plane not belonging to a pencil.
(2) L is a union of lines through a point, not all lines in the same plane.
(3) L contains a unique point of weight 2, does not contain any line and is not contained in a
plane (|L| = q5 + q4 + q3 + q2 + 1).
(4) L is not contained in a plane and it contains exactly one line of P (hence such a line contains
q + 1 points of weight 2 and |L| = q5 + q4 + q3 + 1).
(5) Any point of L has weight 1 and hence |L| = q5 + q4 + q3 + q2 + q + 1.
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ture of Theorem 3.2 case (i), i = 0, . . . ,5. Accordingly, we say that a semifield of order q6,
2-dimensional over its left nucleus and 6-dimensional over its center belongs to the family Fi if
the corresponding Fq -linear set of P is of type (i).
Here we list the known examples of semifields of order q6 with left nucleus isomorphic to Fq3
and with center isomorphic to Fq .
(i) Semifields associated with the Ganley flock of PG(3,33).
(ii) Semifields associated with the Payne–Thas ovoid of Q(4,33).
(iii) Generalized Dickson semifields with α = 1 and either β = id and σ = q or β = q and
σ = id (see [4, p. 241]).
(iv) Knuth semifields K1 = (S,+,◦) (see [4, p. 241 (multiplication (17))]), where S =
Fq3 × Fq3 , σ ∈ Aut(Fq3) with Fix(σ ) = Fq and f and g non-zero elements of Fq3 such
that the polynomial xσ+1 + gx − f is irreducible over Fq3 .
(v) Knuth semifields K2 = (S,+,◦) (see [4, p. 241 (multiplication (19))]), where S =
Fq3 × Fq3 , σ ∈ Aut(Fq3) with Fix(σ ) = Fq and f and g non-zero elements in Fq3 such
that the polynomial xσ+1 + gx − f is irreducible over Fq3 .
(vi) Generalized twisted fields (S,+,◦) (see [4, p. 243]), with S = Fq6 , α = q3, β ∈ Aut(Fq6)
and c ∈ Fq6 such that Fix(β) ∩ Fq3 = Fq and c = xq3−1yβ−1 for any x, y ∈ Fq6 .
(vii) Cyclic semifields with the involved parameters introduced by Jha and Johnson in [7].
The families F0, F1 and F2 are completely characterized in [12]: S belongs to the family F0
if and only if S is a Generalized Dickson semifield (the case (iii)); S belongs to the family F1,
if and only if q = 3 and S is associated with the Payne–Thas ovoid of Q(4,33) (the case (ii));
S belongs to the family F2, if and only if q = 3 and S is associated with the Ganley flock of
PG(3,33) (the case (i)).
So far, examples of semifields belonging to the family F3 are not known. Semifields (iv)–(vi)
belong to the family F5 [12].
Now we study the family F4 and we first partition it into 3 further classes: F (a)4 , F (b)4 , F (c)4
and then we prove that any semifield of order q6 with left nucleus Fq3 , middle and right nuclei
Fq2 and center Fq belongs to the subfamily F (c)4 . Note that so far these semifields are the only
known examples belonging to the family F4.
We begin by proving the following proposition.
Proposition 3.3. Let S be a semifield belonging to the family F4 and let LS be the associated
Fq -linear set of P = PG(3, q3). If r is the unique line of P contained in LS , one of the following
occurs:
(a) r⊥ ∩ LS = ∅;
(b) |r⊥ ∩ LS | = 1;
(c) |r⊥ ∩ LS | = q + 1,
where ⊥ is the polarity of P induced by Q= Q+(3, q3).
Proof. By [12, §5] the line r contains q + 1 points of weight 2 in LS and dimFq (r ∩ LS) = 4.
Since r and r⊥ are disjoint and LS has rank 6, then dimFq (r⊥ ∩ LS) 2. Also, since LS is not
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cases must occur. 
From the previous proposition it follows that the family F4 consists of the following three
disjoint subfamilies partitioning it
F (a)4 =
{
S ∈F4: r⊥ ∩ LS = ∅
};
F (b)4 =
{
S ∈F4:
∣∣r⊥ ∩ LS∣∣ = 1};
F (c)4 =
{
S ∈F4:
∣∣r⊥ ∩ LS∣∣ = q + 1}.
Proposition 3.4. Semifields belonging to different families F (i)4 , i ∈ {a,b, c}, are non-isotopic.
Proof. Let S be a semifield belonging to the family F (i)4 , let LS be the associated Fq -linear set
and let r be the unique line of P contained in LS . An element ϕ of the group G (the subgroup
of PΓ O+(4, q3) fixing the reguli of the hyperbolic quadric Q = Q+(3, q3)) maps LS to an
Fq -linear set LϕS which is not contained in a plane of P and which contains the unique line
rϕ , i.e. LϕS is of type (4). Also, since (r
⊥)ϕ = (rϕ)⊥, conditions (a)–(c) of Proposition 3.3 are
preserved under ϕ. From Theorem 1.1 the assertion follows. 
In [11], G. Lunardon has proven that, starting from the Fq -linear set LS associated with a
semifield S 2-dimensional over the left nucleus Fqn and 2n-dimensional over the center Fq and
using the polarity ⊥ induced by the hyperbolic quadric Q= Q+(3, qn) of P = PG(3, qn), it is
possible to construct another Fq -linear set of P, say L⊥S , of rank 2n which is disjoint from Q as
well. Hence L⊥S defines a semifield S⊥ of order q2n, 2-dimensional over its left nucleus and with
center Fq . Such a semifield S⊥ is called the translation dual of S.
Note that, from [12, §2.1, Eq. (3)], if l is a line of P then
dimFq (l ∩ LS) = dimFq
(
l⊥ ∩ L⊥S
) (9)
and hence from Property 3.1, a line l of P is contained in LS if and only if l⊥ is contained in L⊥S .
We can now prove the following proposition.
Proposition 3.5. A semifield S belongs to the familyF (i)4 (i ∈ {a,b, c}) if and only if its translation
dual S⊥ belongs to the family F (i)4 as well.
Proof. By Eq. (9) a line of P is contained in LS if and only if its polar line is contained in L⊥S .
Hence S belongs to F4 if and only if S⊥ does. Also by Eq. (9) the dimension of r⊥ ∩ LS is the
same as r ∩ L⊥S ; and hence the result follows. 
Now we prove the main theorem of this section.
Theorem 3.6. Any semifield of order q6, with left nucleus Fq3 and middle and right nuclei Fq2
and center Fq belongs to the subfamily F (c).4
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Nl  Fq3 , Nr and Nm both isomorphic to Fq2 and center Fq , up to isotopy, can be defined by the
following spread set of Fq3 -linear maps
Su,b =
{
x ∈ Fq6 	→ (α + βu)x + γ bxq
3
: α,β, γ ∈ Fq2
}
,
where u is a fixed element of Fq3 \ Fq and b is a fixed element of Fq6 such that bq3+1 = u. The
linear set of P = PG(V,Fq3) = PG(3, q3) associated with S is
L = LSu,b =
{[
(α + βu,bγ )]
F
q3
: α,β, γ ∈ Fq2
}
.
Let r be the line of P defined by {(a,0): a ∈ Fq6}. Then the polar line r⊥ of r with respect to Q
is defined by {(0, b): b ∈ Fq6}. Then
L ∩ r = {[(α + βu,0)]
F
q3
: α,β ∈ Fq2
}
and
L ∩ r⊥ = {[(0, bγ )]
F
q3
: γ ∈ Fq2
}
.
So dimFq (L ∩ r) = 4, dimFq (L ∩ r⊥) = 2 and |L ∩ r⊥| = q + 1. By Property 3.1 the line r is
contained in L and since L is not contained in a plane, r is the unique line of P contained in L;
so L is of type (4) and hence S belongs to the subfamily F (c)4 . 
Corollary 3.7. The translation dual of any semifield of order q6 with left nucleus Fq3 , right and
middle nuclei both isomorphic to Fq2 and with center Fq belongs to the family F (c)4 .
Proof. The result follows from Proposition 3.5 and Theorem 3.6. 
4. Final remarks
By the Jha–Johnson construction in [7], to any cyclic semifield plane is associated a gener-
alized Desarguesian plane of order q6 admitting a GL(2, q2) as a collineation group. Precisely,
if (T ,F ) is the irreducible pair defining a cyclic semifield, G = GL(2, q2) and δF = {y = xα:
α ∈ F } ∪ {x = 0} is the partial spread of PG(3, q3) defined by the field of Fq3 -linear maps F ,
then the set of lines of PG(3, q3)
OrbG(y = xT ) ∪ δF
is a G-invariant non-Desarguesian spread. Such spreads have been previously constructed by
W. Kantor in [10] by a completely different method.
Since we have determined all the irreducible pairs (T ,F ) where T and the elements of F are
Fq3 -linear maps (see Theorem 2.6) we have also determined all such spreads.
A generalization of the construction method for cyclic semifields presented in Section 2 will
appear in [9].
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belonging to the subfamilies F (a)4 or F (b)4 they are new, as they are not isotopic to any known
example. Moreover these semifields still have center isomorphic to Fq , but from Proposition 3.4
and Theorem3.6, the right and middle nuclei are not both isomorphic to Fq2 .
In light of this and working with spread sets of Fq3 -linear maps of Fq6 , we have obtained for
small values of q , with the aid of computer, examples of semifields which belong to the subfam-
ilies F (a)4 , F (b)4 and we have determined for any value of q examples of semifields belonging to
the subfamily F (c)4 not isotopic to the cyclic ones [5].
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